








Figure 6: The left image visualizes bone weights for a skeleton in a human model. Each bone is assigned a color. The color at a point
on the shape is the weighted average of each bone’s color according to the bone weights. The series of images on the right visualizes the
endpoint weights of each bone. Red and white correspond to weights of 1 and 0 respectively. Both the bone weights and endpoint here were
automatically computed using BBW.

eproj i (p) =
kproji (p) � ai k

kb i � ai k
, (8)

where proji (p) is the projection of point p onto Bi . These weights
satisfy the boundedness and linear interpolation properties, but they
largely ignore the shape of S and are only C0 where they reach the
values of 1 and 0. Variants of this type of weight function were used
for the curved skeletons in [Forstmann and Ohya 2006; Yang et al.
2006; Forstmann et al. 2007] to associate a frame with each point
p that corresponds to the curve’s local frame.

Another immediate method would be to use inverse Euclidean dis-
tance weighting to define weights for the set of joint points:

jIEDW i (p) =
1

di (p) �
, (9)

where di (p) is the Euclidean distance from p to the rest position
of joint i. While endpoint weights derived from these joint weights
may be smooth (for α � 2) and bounded, they again ignore the
shape of S, and their locality diminishes beyond the endpoints as
the ratio of distances to the two endpoints regresses to 0.5.

The above methods are easy to implement and computationally
lightweight. They are unsatisfactory to be used directly but serve
well as initial guesses for manually painting the endpoint weights.

The automatic bone weights method presented in Section 4 of
[Baran and Popović 2007], also known as Bone Heat (BH), may
be trivially adapted to define joint weights (by considering a bone
shrunk to a point). These weights require visibility computation
and solving of large sparse linear systems of equations, but we have
found that the quality of these weights in many cases justifies the
computation costs. The methods of [Weber et al. 2007] and [Wang
et al. 2007] may similarly be adapted to define joint weights. How-
ever, they only consider the surface of the shape rather than its vol-
ume, so the shape-awareness property is not fully achieved. Fur-
thermore, these methods also require example poses, which often
do not exist.

The bounded biharmonic weights wBBW of [Jacobson et al. 2011]
(BBW) minimize the Laplacian energy subject to the constraint
wBBW 2 [0,1] (and additional interpolation constraints, as re-
quired). This method may be used to compute joint weights or end-
point weights directly. The weights have been shown to be smooth,
localized and shape-aware. The Lagrange and linear interpolation
properties are satisfied by imposing appropriate boundary condi-
tions. These weights are the solution to a quadratic programming
problem, which means they are somewhat slower to compute than
the previous methods. Another limitation of this method is that
it requires a volume discretization, which is often difficult to ob-
tain for surfaces in 3D. The auxiliary interior vertices of the vol-
ume discretization increase the complexity of the precomputation.
Nevertheless, we have found that when a volume discretization is
available, these weights produce the highest quality results.
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Figure 7: Left to right: A single bone controls the Giraffe’s
head and neck in 2D. Projecting onto the bone to obtain endpoint
weights eproj results in a nonsmooth and shape-unaware deforma-
tion. Endpoint weights eIDW derived from inverse Euclidean dis-
tance joint weights are smooth, but shape-unaware and suffer from
the fall-off effect (the top of the head sags too low). In this 2D ex-
ample, BH endpoint weights eBH and BBW endpoint weights eBBW

are virtually indistinguishable, producing appealing deformations.
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Figure 8: A single bone controls a box in 3D (left). A 360 degree
twist is applied to an endpoint using BH endpoint weights eBH (mid-
dle). Notice the fall-off effect in the regions beyond each handle: the
full twist is not reached. The same twist is applied using BBW end-
point weights eBBW (right). These weights have proper locality, so
the full twist is achieved.

When computing both bone weights and endpoint weights from
scratch, BBW may be preferred since the same implementation
produces high quality weights for both bones and endpoints (see
Fig. 6). When bone weights already exist, the additional endpoint
weights obtained by BBW and by extending BH are both high qual-
ity. In many cases deformations using the endpoint weights ob-
tained with these methods and the same bone weights are virtually
identical (see Fig. 7 and Fig. 9). However, the extension of BH
may suffer from the fall-off effect in regions beyond endpoints (see
Fig. 8).

3 Implementation and results

We implemented stretchable, twistable bones skinning (STBS) us-
ing LBS and DQS as the underlying transformation blending mech-
anisms. Our implementation supports manually painting bone and
endpoint weights or automatically computes them using [Baran and
Popović 2007] (BH) or [Jacobson et al. 2011] (BBW). Our tim-
ings for computing endpoint weight functions are similar or faster
than the bone weight computation times originally reported in those
works. When using BH our precomputation time per endpoint
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Figure 9: Left to right: The Ogre (inset) is deformed with BH bone weights wBH and BH endpoint weights eBH. Switching to BBW endpoint
weights eBBW improves the deformation only slightly (e.g. see the shoulder). Changing endpoint weights cannot fix problems arising from
insufficient bone weights. Instead, switching to BBW bone weights wBBW noticeably improves the deformation around the head, shoulder and
belly. With same bone weights, the endpoint weights of these methods produce visually similar results (comparing the first and final pairs).

Figure 10: A typical skinning rig must break the spine into many
smaller bones in order to capture twisting. Here, a human model is
twisted along the spine by applying twists at the top endpoint of a
single bone. The endpoint weights smoothly blend the twist along
the torso. They may be filtered through a spline curve to adjust
their effect interactively. Filtered endpoint weights concentrate the
twist in the abdomen, keeping the chest more rigid (right). Insets
visualize the identity and user-defined spline filters, respectively.

Figure 11: A dog’s yawn is exaggerated with stretchable bones.
Refer to the accompanying video for an animation of this figure.

weight function is on the order of milliseconds in 2D and seconds
in 3D. When using BBW our precomputation time per endpoint
weight function is less than a second in 2D and on the order of tens
of seconds in 3D, where we use heavily graded tetrahedral meshes
for the volume discretization. Endpoint weights can be computed
faster than bone weights by taking advantage of the fact that we
only care about a bone’s endpoint weights in regions of the domain
where the bone’s bone weight function is greater than zero. In our
examples, we limit the optimization to the portion of the domain
with corresponding bone weights greater than 1e-7.

A vertex shader implementation of STBS does not differ much from
that of LBS or DQS. It requires loading the additional endpoint
weights into constant memory once per deformation session, and in
3D transferring the new per-endpoint twist parameters along with
the usual bone transformations. Finally, the skinning equation is
replaced with either (5) or the dual quaternion form of (6).

The automatic weights are precomputed before the user begins ap-
plying transformations to the bones. In terms of efficiency at de-
formation time, our method requires twice as many weights as LBS
or DQS: it stores the same bone weights and the extra endpoint
weights per bone. The original LBS or DQS require respective 8
or 12 shader operations per shape vertex per bone [Kavan et al.
2008]. Because the transformations in (6) are not constant over the
shape, using STBS with LBS or DQS as the underlying blending
method requires the extra operations need to build the transforma-
tion at each shape vertex. In our implementation we count this as
an extra 12 operations per shape vertex per bone.

Twisting and stretching bones richly expands the space of possi-
ble deformations without forfeiting the rigid skeleton metaphor or
modifying existing bones and bone weights. In Fig. 5, a skeleton
rigged to a human properly twists, stretches and bends its arm us-
ing STBS. Blending transformations between bones as dual quater-
nions corrects rotational artifacts when bending at joints.

In 2D, the ability to stretch bones without worrying about “explo-
sions” near endpoints enables real-time creation and playback of
animated of images. Fig. 12 shows stretchable bones deforming a
single image into a life-like series of poses.

Endpoint weights allow interesting twisting in 3D to occur over
large regions of a shape controlled by a single bone. In Fig. 10,
a human’s entire torso is twisted smoothly using a single twistable
bone. The endpoint weights in our system may be filtered inter-
actively to alter their effect. The original weights, automatically
computed using BBW, twist the human’s chest too much. Using a
spline filter, the endpoint weights are interactively adjusted so that
the twist is concentrated in the abdomen.

Exaggeration is a cornerstone principle in animation. Stretchable
bones facilitate stylized and exaggerated actions. In Fig. 11, stretch-
ing the bones in a dog’s mouth emphasizes a yawning action, avoid-
ing distracting shape explosion artifacts.



Figure 12: With our method, bone joints may be freely dragged about by the user without worry that changes in bone length will cause
explosion artifacts. Here an old photograph of Max Schmeling is brought to life.

4 Conclusion

We have shown that with only slight modifications to existing skin-
ning equations, we are able to expand the space of deformations
possible with standard rigid skeleton rigs. Our method does not
change the rigid skeleton metaphor, nor does it modify existing
skeletons or bone weights. The additional endpoint weights re-
quired by our technique are feasibly painted by the user or com-
puted using automatic point weight methods.

Though our skinning formula and extra weights expand the space
of possible deformations, our method is still inherently limited by
its simplicity. Like all skinning methods, STBS cannot prevent self-
collisions, maintain global properties (e.g. total volume), minimize
non-linear deformation energies, or respond to physically based
forces. An obvious extension would be to use STBS as a reduced
deformable model for more complicated methods.

In future work, we would like to explore further the role of extra
weight functions. For example, the weights used to control stretch-
ing and twisting do not have to be the same. It would be interesting
to expose these as separate parameters. We would also like to con-
sider the orthogonal problem of specifying stretchable, twistable
bone transformations with inverse kinematics or procedural anima-
tion. Our endpoint weights have a clear geometric meaning, such
that their computation does not require example poses, but fitting to
example poses could allow more accurate weights and enable skin-
ning animations with stretchable, twisting bones as in, e.g. [James
and Twigg 2005; Kavan et al. 2010]. Finally, it would be interest-
ing to control advanced effects such as muscle bulging by applying
simple filters to existing endpoint weights.
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