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We present an analytical framework for exploring the design space of hinged

kirigami structures that deploy rigidly and uniformly. A hinged kirigami

structure consists of rigid planar faces connected by hinges, and is deploy-

able if the faces can rotate about the hinges without deformation. Such

deployability depends on both the topology and the geometry, i.e., the com-

binatorial connectivity of the faces and their spatial embedding. Prior work

studies geometric constraints for uniform deployability in restricted set-

tings, most notably quadrilateral kirigami patterns and structures derived

from 2-colorable planar graphs. However, existing analysis does not readily

generalize to arbitrary kirigami structures, nor does it provide a systematic

approach for constructing deployable kirigami from non-2-colorable pla-

nar graphs (e.g., graphs with non-manifold embeddings). Moreover, while

geometric conditions for deployability have been partially investigated, the

structure of the full deployable design space and its associated degrees of

freedom remain largely unexplored. In this work, we propose a new frame-

work that enables the derivation of hinged kirigami structures from arbitrary

planar graphs, with the key feature that multiple distinct kirigami structures

can be generated from the same graph. We derive geometric constraints

that ensure uniform rigid deployability and analytically characterize the full

design space of deployable embeddings, including its associated degrees of

freedom. This characterization allows continuous navigation of the design

space and provides a systematic foundation for the design of kirigami-based

mechanical metamaterials.
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1 Introduction
Kirigami extends origami by introducing cuts into flat sheets, thereby

enabling relative motion between rigid regions and substantially en-

larging the space of attainable deformations. This principle underlies

a wide range of deployable structures and mechanical metamateri-

als, with applications including shape morphing and programmable

curvature [Konaković et al. 2018; Choi et al. 2019; Jiang et al. 2022;

Segall et al. 2025; Dudek et al. 2025], tunable material behavior [Tang

et al. 2015; Tang and Yin 2017; Tang et al. 2019] and mechanical

functionalities [Lee et al. 2012; Schenk and Guest 2013].
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Fig. 1. An example of a non-two-colorable, aperiodic planar graph that
admits a uniform deployable kirigami structure, shown before (left) and
after (right) deployment, with a panda texture.

In this work, we focus on rigid hinged kirigami, in which cutting

partitions a flat, non-stretchable sheet into rigid planar faces con-

nected by hinges. Deformation occurs exclusively through hinge

rotations, while the faces remain rigid.Within this setting, a kirigami

structure is fully characterized by its topology, which encodes the

combinatorial arrangement of faces and hinges induced by cut-

ting, and its geometry, which specifies the planar embedding of

vertices and faces. Together, topology and geometry define a high-

dimensional design space of admissible embeddings for hinged

kirigami structures. A particularly important class within this space

is formed by uniformly deployable structures [Segall et al. 2025],

where all hinges open by the same angle during deployment. Uni-

form deployment leads to coherent global motion and is closely

related to auxetic behavior.

Uniform deployability is highly restrictive, and most kirigami

patterns derived from cutting planar tilings do not admit it. Existing

studies of uniform deployability have largely focused on specific pat-

tern families. Quadrilateral kirigami patterns admit well-understood

local geometric characterizations [Choi et al. 2021; Dang et al. 2021,

2022], and deployability has been analyzed for kirigami patterns

derived from 2-colorable planar tilings (all interior vertices have

even valency) [Segall et al. 2025]. Other approaches rely on pat-

tern classes that are known a priori to be uniformly deployable,

such as triangular [Konaković et al. 2016, 2018] and rectangular pat-

terns [Jiang et al. 2020]. For general kirigami patterns, however, the

relationship between topology, geometry and uniform deployability

remains underexplored. In particular, for an arbitrary planar graph,

it is unclear how to characterize the space of embeddings that, after

cutting, yield a uniformly deployable kirigami structure, or how

many degrees of freedom such embeddings may possess.

This paper develops a general framework for analyzing uniform

deployability in kirigami derived from arbitrary planar 3-connected
graphs, following the same assumption as in [Tutte 1963], which

excludes only degenerate cases (such as interior faces with a sin-

gle adjacent face). We use face orientations to encode the topology
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of the resulting kirigami structures, where the orientations pre-

scribe a cutting pattern that transforms a planar embedding into a

hinged kirigami structure. We show that the deployability of such

a structure is governed by the geometry of holes that emerge after

cutting. Each hole induces a geometric constraint on the embed-

ding of the original uncut structure. We further show that these

geometric constraints admit a linear formulation. Solving the corre-

sponding linear system yields embeddings that produce uniformly

deployable kirigami structures, which we refer to as Tutte auxetic
embeddings. The complete set of such embeddings characterizes the

design space of uniformly deployable kirigami structures associated

with a given planar graph and face orientation assignment. This for-

mulation enables systematic design-space exploration and pattern

geometry optimization, extending deployability analysis beyond

previously studied pattern classes and providing a unified geometric

perspective on rigid kirigami deployment (see Fig. 2).

2 Related work

2.1 Design space of deployable kirigami structures
Akirigami structure can be viewed as a rigid-facemechanism, whose

degrees of freedom are determined by the graph combinatorics

(topology) and the geometry of its faces. Existing studies explore

this design space along limited and often decoupled dimensions.

Some works fix the face geometry and analyze variations in topol-

ogy: for example, Chen et al. [2020] study square-based kirigami

patterns with different link arrangements and derive degrees of free-

dom for specific connectivities. Other works fix the topology and

attempt to parameterize the design space geometrically. Works by

Rafsanjani and Pasini [2016] and Chen et al. [2021] parameterize two

families of kirigami patterns based on cut-edge lengths and relative

angles. Their deployability is realizable under material stretchability

assumptions, which limits applicability to rigid-faced kirigami. Shan

et al. [2015] propose geometric parameterizations based on cut-edge

lengths for three specific patterns, but their method lacks a theoret-

ical justification for why these parameters guarantee deployability.

Another line of work focuses on identifying geometric constraints
on embeddings that enable deployability for kirigami structures

with fixed topology. For specific pattern families, deployability has

been well studied. Equilateral triangular patterns deploy confor-

mally [Konaković et al. 2016, 2018], while rectangular quadrilateral

patterns deploy with constant mean stretch [Jiang et al. 2022]. The

deployability of quadrilateral patterns with non-rectangular geom-

etry has been formalized more generally. Choi et al. [2021] estab-

lish deployability conditions for genus-zero tessellations, showing

that parallelogram-shaped voids enable continuous rigid rotation

of faces. These conditions are subsequently extended to spherical

embeddings [Dang et al. 2022] and planar tessellations with higher

genus [Dang et al. 2021]. Collectively, these works characterize

the geometric conditions under which a fixed quadrilateral com-

binatorial pattern admits continuous deployment. More recently,

Segall et al. [2025] generalize deployability conditions to arbitrary

2-colorable planar graphs, characterized by even-valency interior

vertices, of which quadrilateral patterns are a special case. Their

framework provides a method to verify whether a given embedding

deployment

Fig. 2. Each row shows a Tutte auxetic embedding with a distinct structure,
featuring two gap-free configurations (leftmost and rightmost columns).
These patterns exhibit conformal behavior during deployment and can serve
as isotropic kirigami structures.

is deployable; however, it does not prescribe how to modify non-

deployable embeddings, nor does it characterize the full space of

deployable configurations when the conditions are satisfied.

Despite the advances above, a general theoretical framework for

describing the full design space of deployable kirigami structures

remains elusive. Classical rigidity theory [on Rigidity Theory et al.

2002] and bar-and-joint frameworks [Mitschke et al. 2013] offer

tools for analyzing configuration spaces of graphs with edge-length

constraints, but they are typically restricted to infinitesimal mecha-

nisms or allow deformation of faces, limiting their applicability to

rigid-faced kirigami undergoing finite deployment. In this work, we

provide an analytic characterization of the deployable design space

for arbitrary 3-connected planar graphs, independent of colorability

or vertex valency constraints. We introduce a formalization that

parameterizes the set of all embeddings that admit uniform deploy-

ability and explicitly characterizes its degrees of freedom, enabling

systematic exploration of diverse deployable kirigami structures

(see Fig. 2), rather than focusing on isolated constructions or single

feasible embeddings.

2.2 Kirigami-based inverse design
Computational fabrication has developed a broad class of inverse

design techniques for realizing programmable curvatures across

diverse materials, including flat sheets such as paper and metal [De-

maine and Tachi 2017; Callens and Zadpoor 2018; Stein et al. 2018;

Jiang et al. 2020; Ion et al. 2020; Binninger et al. 2021; Zhao et al.

2022; Narumi et al. 2023; He et al. 2024], yarns used in knitting or
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�attening via
Tutte auxetic embedding

Eq. (4)

optimize the embedding to
achieve target edge lengths

(in semi-open con�g.)

deployment at
fully-closed con�g.

Fig. 3. The disk-topology hemisphere shapeS can be regarded as a planar
graph embedded in 3D. We compute its Tu�e auxetic embeddingM via
Eq. (4), fixing the boundary vertices to a circle. This allows optimizing the
kirigami structure M 0 to reproduce the topology and approximate the
geometry of the original mesh a�er deployment.

crocheting [Narayanan et al. 2018; Wu et al. 2019; Edelstein et al.
2022], fabrics [Zhang et al.2019; Jourdan et al.2020; Segall et al.2024;
Chang et al. 2025], in�atable materials [Skouras et al. 2014; Jin et al.
2020; Panetta et al. 2021; Ren et al. 2024], stretchable materials [Jour-
dan et al. 2022; Guseinov et al. 2017; Shimoda et al. 2023] and auxetic
materials [Konakovi¢ et al. 2016, 2018; Chen et al. 2021; Jiang et al.
2022]. Within this broader landscape, kirigami-based inverse design,
often realized through auxetic cut-and-hinge patterns, focuses on
prescribing planar geometries whose deployment induces target
curvatures or shapes under geometric constraints. Existing kirigami
inverse design approaches primarily target speci�c deployment
regimes, including fully closed to semi-open con�gurations [Kon-
akovi¢ et al. 2016], semi-open to fully open con�gurations [Kon-
akovi¢ et al. 2018], semi-closed to fully open con�gurations [Jiang
et al. 2022] and more recently, fully closed to fully closed con�g-
urations, in which curvature arises from changes in topological
connectivity rather than geometric stretching [Choi et al. 2019;
Dudte et al. 2023; Segall et al. 2025]. In this work, we use the new
patterns generated by our framework for inverse design in di�erent
deployment regimes. In particular, our framework supports inverse
design that exactly reproduces the triangulation of an input disk-
topology shape, while existing methods usually require remeshing
the 3D shape (see Fig. 3).

3 Background: notations & definitions
Planar graph and face orientations.Consider a planar 3-connected

graph G = ¹V •Eº, with vertex setV and edge setE. By Tutte's
Theorem [Tutte 1963], there exists a 2D straight-line embeddingX
of G in which no edges intersect. This embedding induces a set of
facesF , de�ned as the bounded regions of the plane determined
by the embedding. We denote byM = ¹X•F º the resulting 2D
disk-topology mesh. A face-orientation assignment is de�ned as
a functionf : F ! f� 1•1g that assigns clockwise (f ¹5º = 1) or
counterclockwise (f ¹5º = � 1) orientations to each face in the planar
graph (see Fig. 5 a). The orientation induces acyclic orderingof the
edges along the boundary of each face (see Fig. 4 a,b). Accordingly,
every edge incident to a face gives rise to adirectedhalf-edge whose

4
51

52

(a) f ¹51º = � 1• f ¹52º = 1
(after cutting)

®41

®42

E8 E9 E8 E9

E0
9

(b) f ¹51º = f ¹52º = � 1
(after cutting)

®41

®42

E8 E9
E8 E9
E0
8 E0

9

Fig. 4. Cu�ing operation . Consider an interior edge4 shared by two faces
51 and 52. (a) Hinge cut : the two faces have di�erent orientations; the
associated half edges®41•®42 of 4 have the same direction¹E8 ! E9º. A�er
cu�ing, the target vertexE9 is duplicated while the source vertexE8 forms a
hinge.(b) Split cut : the two faces have the same orientation. A�er cu�ing,
both endpoints are duplicated, fully separating the faces.

direction is consistent with the orientation of that face. We assume a
planar graph and its face-orientation assignment are given as input,
where the face-orientations can be either manually speci�ed by
users or automatically generated (see Sec. 4.1). Face orientations
determine how edges behave after cutting.

Cutting operations.We de�ne cutting operations along interior
edges of the planar graphM . Let4 = 51 \ 52 be an interior edge
shared by two faces51 and52, and let®41 2 51 and®42 2 52 denote the
associated half-edges of4. Depending on the relative orientations
of 51 and52, two cases arise (see Fig. 4):

� Hinge cuts : If f ¹51º < f ¹52º, the induced half-edges along4have
the same direction, say®41 = ®42 = ¹E8 ! E9º. In this case,4 is
treated as adirectededge, denoted as®4, and inherits this direction.
A hingecut is applied: the target vertexE9 is duplicated while the
source vertexE8 is preserved as a hinge. After cutting, the two
copies of®4 share the hinge vertexE8 and may rotate relative to
each other. The angle between them in a deployed con�guration
is called theopening angleof ®4 and is denoted by\ ®4.

� Split cuts : If f ¹51º = f ¹52º, the induced half-edges along4 have
opposite directions. In this case,4 is treated as anundirectededge
and asplit cut is applied: both endpoints of4 are duplicated, fully
separating the two incident faces along the edge. No hinge is
formed along a split-cut edge.

Boundary edges are incident to exactly one face and are not a�ected
by cutting. For notational convenience, we denote byEborderthe set
of boundary edges, byEhinge the set of interior edges undergoing
hinge cuts, and byEsplit the set of interior edges undergoing split
cuts. See Fig. 5 (b) for the color-coded edge classi�cations.

Kirigami structure.Consider the 2D embeddingM = ¹X•F º with
prede�ned face orientationsf . Applying the cutting operations to
all interior edges, i.e., hinge cuts for edges inEhingeand split cuts for
edges inEsplit, produces a new, non-manifold meshM 0 = ¹X0•F 0º
(see Fig. 5). The vertex setX0consists of the original vertices together
with their duplicates induced by cutting, while the face setF 0 is
in one-to-one correspondence with the original face setF with
updated vertex indices re�ecting the cutting operations. We refer
to M 0 as a kirigami structure, as all interior edges are opened, and
adjacent faces inM 0 are connected only through hinge vertices
induced by hinge cuts.

ACM Trans. Graph., Vol. 45, No. 4, Article 60. Publication date: July 2026.


	Abstract
	1 Introduction
	2 Related work
	2.1 Design space of deployable kirigami structures
	2.2 Kirigami-based inverse design

	3 Background: notations & definitions
	4 Method
	4.1 Detecting holes from cutting operations
	4.2 black Face orientation assignment
	4.3 Conditions for uniform deployability
	4.4 Shape space analysis: Tutte auxetic embeddings
	4.5 black Collision handling during shape optimization
	4.6 black Tutte auxetic embeddings with curved cuts

	5 Results
	5.1 black Isotropic kirigami patterns with conformal deployment
	5.2 black Fully-closed kirigami patterns after deployment
	5.3 black Inverse design
	5.4 black User interface and implementation

	6 Conclusion, limitations & future work
	Acknowledgments
	References
	A black Proof

