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Shape Modeling and
Geometry Processing

Surface Reconstruction
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Geometry Acquisition Pipeline

Scanning Registration Stitching/reconstruction

results in range images :> bring all range images to :> Integration of scans into a single mesh :>
one coordinate system

v
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Postprocess

Topological filtering
Geometric filtering
Remeshing
Compression

ETH:zurich
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Digital Michelangelo Project

1G sample points — 8M triangles 4G sample points — 8M triangles
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Input to Reconstruction Process

Input option 1
Just a set of 3D points, irregularly spaced

Need to estimate normals
=>» next class

Input option 2
Normals come from the range scans

set of raw scans reconstructed
model

|9L March 5, 2025 Olga Sorkine-Hornung, Ruben Wiersma # 4 HHZur’[Ch



How to Connect the Dots?

Explicit reconstruction:
stitch the range scans together

“Zippered Polygon Meshes from Range Images”, Greg Turk and Marc Levoy, ACM SIGGRAPH 1994

|9L March 5, 2025 Olga Sorkine-Hornung, Ruben Wiersma #5 HHZur’[Ch



How to Connect the Dots?

Explicit reconstruction:
stitch the range scans together

Connect sample points
by triangles

Exact interpolation of
sample points

Bad for noisy or
misalighed data

Can lead to holes or
non-manifold situations

191 ETH:irich



How to Connect the Dots?

Implicit reconstruction: estimate a signed distance function
(SDF); extract O-level set mesh using Marching Cubes

/_//
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How to Connect the Dots?

Implicit reconstruction: estimate a signed distance function
(SDF); extract O-level set mesh using Marching Cubes
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How to Connect the Dots?

Implicit reconstruction: estimate a signed distance function
(SDF); extract O-level set mesh using Marching Cubes

Approximation of input
points

Watertight manifold
results by construction
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How to Connect the Dots?

Implicit reconstruction: estimate a signed distance function
(SDF); extract O-level set mesh using Marching Cubes

°© o Approximation of input
© ° o points
o o o Watertight manifold
° o results by construction
O
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How to Connect the Dots?

Implicit reconstruction: estimate a signed distance function
(SDF); extract O-level set mesh using Marching Cubes

Approximation of input
points

Watertight manifold
results by construction

[ T
<0 0 >0
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How to Connect the Dots?

Implicit reconstruction: estimate a signed distance function
(SDF); extract O-level set mesh using Marching Cubes

Approximation of input
points

Watertight manifold
results by construction
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Implicit vs. Explici

e
AV AYEY
S ATAVAYATATY
VAVATA
oA 4.1«'

3 rﬁ» Vavey
R
<J

AYAYAY,
Svavy
e

avavy
LANE
Ay
K .45»4»4»15’1» X
Y ATA%Y
Tt
.«.vvgviﬂ
X A2

Explici

Implici

Input

h
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SDF from Points and Normals

Compute signed distance
to the tangent plane of
the closest point 9

Normals help to - A

.
“““
.
------------- ave,
Rtoa . .
. o *
o e
R N
Q 2.
D
A o/
bd ), =
.

distinguish between 5 I
- .:3“\

inside and outside fft.\

“Surface reconstruction from unorganized points”, Hoppe et al., ACM SIGGRAPH 1992
http://research.microsoft.com/en-us/um/people/hoppe/proj/recon/
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http://research.microsoft.com/en-us/um/people/hoppe/proj/recon/

SDF from Points and Normals

Compute signed distance
to the tangent plane of X

the closest point \‘
< PN A/'. !
Problem?? SN

191 ETH:irich




SDF from Points and Normals

Compute signed distance
to the tangent plane* of
the closest point

The function will be \ \
discontinuous '7!

* The Hoppe92 paper computes the tangent planes slightly differently
(by PCA on k-nearest-neighbors of each data point, see next class), but
the consequences are still the same.

191 ETHzlirich




Smooth SDF

Instead find a smooth formulation for F.
Scattered data interpolation:
F(p;) =0 A/ I
F is smooth 0 0
Avoid trivial £ =0 X

“Reconstruction and representation of 3D objects with radial basis functions”, Carr et al., ACM SIGGRAPH 2001

[e]\ ETH:irich



Smooth SDF

Instead find a smooth formulation for F.
Scattered data interpolation:

c °
o U
° 8 A\
F is smooth @>/ . 0
Avoid trivial ' =0 - & 2
@)
l Q#O o ) F(p; +en;) =¢

Add off-surface constraints F(p; — en;)

—&

191 ETHziirich



Radial Basis Function Interpolation

RBF: Weighted sum of shifted, smooth kernels

N—1
F(x) = Y  wne(lx = cml]) + p(x)
m=0
. Linear polynomial with
Scalar coefficients Sm(?oth kerpels unknown coeffs
Unknowns (basis functions)
centered at constrained points. p(x) = ao + a1z + azy + azz
N = 3n For example:
.93
p(r)=r

191 ETH:irich



Radial Basis Function Interpolation

Interpolate the constraints: . j/ f
F(p;)=0 U>/ : gg
F(p; +en;) o

= & € o
I [P
F(p; —en;) = —¢ ~e

191 ETHz(irich



Radial Basis Function Interpolation

Interpolate the constraints: i j}/_i_
o) =0 NS
A A
{C3isC3i41, C3iva} == {Pi, Pi +&n;, P; — €Ny}
(0 m=3i

dmy, = < € m=231+1
| —€ m = 31+ 2

m) F(cy)=dm, m=0,...,N—1
[e]\ ETH:irich




Radial Basis Function Interpolation

Symmetric linear system to get the coeffs w. and a.:

#(llco = coll) (llco = en—1l)

plllen—1—coll) .. elllen—1—cen-l))

P e RM** row m of P = (1, Co.ms Cyms Czom)

System size (N+4) x (N+4)
Dense or sparse, depending on the kernel

191

(

A P
PT 0

)

()

WN -1
ao
ai
a2

\ o/

ETH:zurich



Radial Basis Function Interpolation

[(wo\ [ Do)
SO(HCo.— col) - elllco —.CN—1|D
A= g ; (1;’4-'_ 5) wg;o_l = d]\é)—l
e(lev—1 —coll) --. e(llen—1 —en-1l) a1 0
P e RY** row m of P = (1, Coms Cym, Com) \ ai ) \ 8 )
N—1
F(x) = Y wme(x —cmll) +px)
m=0

[e]\ ETH(rich



Triharmonic: «(r)=r

[e]\

RBF Kernels

3

Globally supported

Leads to dense symmetric linear system
C? smoothness

Works well for highly irregular sampling

ETH:zurich



[e]\

RBF Kernels

Polyharmonic
o(r) =rFlog(r), k=2,4,6...
o(r) =7 k=1,3,5...
Multiquadratic
o(r) = /12 + B2

Gaussian

Br?

p(r) =e"
B-Spline (compact support)

©(r) = piecewise-polynomial(r)

ETH:zurich



RBF Reconstruction Examples

s — — — =
—_— —  _—— —_—

“Reconstruction and representation of 3D objects with radial basis functions”, Carr et al., ACM SIGGRAPH 2001
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§—<
Insufficient number/ Properly chosen off-surface points
badly placed off-surface points
“Reconstruction and representation of 3D objects with radial basis functions”, Carr et al., ACM SIGGRAPH 2001
@ IgL March 5, 2025 Olga Sorkine-Hornung, Ruben Wiersma # 27 mZurlch



Comparison of the various SDFs so far

Distance
to plane

March 5, 2025

E——— ——

Compact RBF Global RBF
Triharmonic
Olga Sorkine-Hornung, Ruben Wiersma # 28
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[e]\

RBF - Discussion

Global definition!

Global optimization of
the weights, even if the
basis functions are local

N—-1

F(x)= Y wne(lx—cul)+px)

m=0

ETH:zurich



Moving Least Squares (MLS)

Do purely local approximation of the SDF
Weights change depending on where we are evaluating

The beauty: the “stitching” of all local approximations,
seen as one function F(x), is smooth everywhere!

£
. £
We get a globally smooth function but only do o o
local computation c
o0
@) ofy
o)) O (SR
€o —€
o
o0 —€
“Interpolating and Approximating Implicit Surfaces from Polygon Soup”, Shen et al., @)
ACM SIGGRAPH 2004 —&

http://graphics.berkeley.edu/papers/Shen-1A1-2004-08/index.html

191 ETH:irich
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Moving Least Squares (MLS)

Do purely local approximation of the SDF
Weights change depending on where we are evaluating

The beauty: the “stitching” of all local approximations,
seen as one function F(x), is smooth everywhere!

£
We get a globally smooth function but only do o
local computation
o0
©)
€ —€ -
© o0 ©.
©
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Moving Least Squares (MLS)

Do purely local approximation of the SDF
Weights change depending on where we are evaluating

The beauty: the “stitching” of all local approximations,
seen as one function F(x), is smooth everywhere!

We get a globally smooth function but only do
local computation

[e]\
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Moving Least Squares (MLS)

Do purely local approximation of the SDF
Weights change depending on where we are evaluating

The beauty: the “stitching” of all local approximations,
seen as one function F(x), is smooth everywhere!

£
We get a globally smooth function but only do o
local computation

o0

©)
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Moving Least Squares (MLS)

Do purely local approximation of the SDF
Weights change depending on where we are evaluating

The beauty: the “stitching” of all local approximations,
seen as one function F(x), is smooth everywhere!

We get a globally smooth function but only do
local computation

[e]\
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Least-Squares Approximation

Polynomial least-squares approximation
Choose degree, k

feIl}: flx,y,2) =ap + a1z + agy + azz + asx? + aszy + ... + 2"

f(x) =b(x)" a

a=(ai,as,...,as)", b(x) =1,z,v,2 2% zy,...,2")

Find A that minimizes sum of squared differences
N—-1 N—1

argmin Z (f(cm) — dpm)? or: argmin Z (b(cm)Ta - dm)2

fEHi m=0 a m=0

191

ETH:zurich



MOVING Least-Squares Approximation

Polynomial least-squares approximation
Choose degree, k

feIl}: flx,y,2) =ap + a1z + agy + azz + asx? + aszy + ... + 2"
f(x) =b(x)" a

a=(ai,as,...,as)", b(x) =1,z,v,2 2% zy,...,2")

Find A, that minimizes WEIGHTED sum of squared differences

N-1 N-1
fx = argmin Z O(llx — cmll) (f(cm) — dm)2 or: ay — argmin Z O(]|x — cml|) (b(cm)Ta - dm)2
fEl_Iz m=0 a m=0

[e]\ ETH:irich



MOVING Least-Squares Approximation

Polynomial least-squares approximation
Choose degree, k

feIl}: flx,y,2) =ap + a1z + agy + azz + asx? + aszy + ... + 2"
f(x) =b(x)" a

a=(ai,as,...,as)", b(x) =1,z,v,2 2% zy,...,2")

Find A, that minimizes WEIGHTED sum of squared differences
The value of the SDF is the obtained approximation evaluated at x:

F(x) = fu(x) = b(x) ay

191 ETH:irich



MLS - 1D Example

Input values

|gL March 5, 2025 Olga Sorkine-Hornung, Ruben Wiersma # 38 HHZur’[Ch



MLS - 1D Example

Global approximation in IT;

J () f(x) = ap + a1z + aga?
\ T. o/
N—1 gj
g 3 (1) =
[e]\
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MLS - 1D Example

MLS approximation using functions in 1L,

F(x)
z
N-—1
F(z) = fo(x), fr=argmin ¥ 0(|lcm —|) (f(cm) — dm)’
fEH% m=0

[e]\ ETH(rich



Weight Functions

. 5
Gaussian O(r) =e” vl
h is a smoothing parameter

Wendland function O(r) = (1 —r/h)*(4r/h + 1)
Defined in [0, h] and #(0) =1, 6(h) =0, 6'(h) =0, 68”"(h) =0
“Singular” function 0(r) !
T) —
g 7"2 + 62

For small €, weights are large near r=0 (interpolation)

[e]\ ETH:zlrich



Dependence on Weight Function

Global least squares
with linear polynomials ——

MLS with (nearly) 1 |
singular weight function b(r) = T2 \\N

MLS with approximating  ¢(r) = ez ="
weight function .

9L ETHziirich



Dependence on Weight Function

The MLS function F is continuously differentiable

if and only if the weight function 6 is continuously
differentiable

In general, F is as smooth as @

N—-1

F(x) = fx(x), fx=argmin Y 0(|cm —x|) (f(cm) = dm)’

fEH% m=0

191 ETHz(irich



xample: Reconstruction

.
e o g0
. 5y
.v » U i ) [
...‘ .: o ' »®
DR S B DR
...'; . ° c.
oy 4 ¢ e
.s‘ * H X
Ry, % ,f. ...
(3] P, : . “..
oo :o . 03 m.‘.’o ...
oqe ... Vo et
% . o
*e., o .f- o’ o
L L ‘:. \:’.: .....
.
...o o.o‘ .!.‘.:..‘ I3 &
- &% 00 0 e & of
2 - % L F} .
‘ L X *
% ®
e
) ot [N .t - Lo o "
(14 - ® ?c - - 8 :
*
o® - .' oe. e ..ﬁ f n ..::..
° o es’e. . | o® ol
. o i p o g0
o Sogy o e ® s @ g TP
R S L, sa®w 2
. PR S > 9
" @ 3 0y oe
ST e R
L3 L Pl [ .n s,
e . LI
® e t ]
oo @ - LU
Capo B °° . 0
v .
s b ‘e e :.':'.
- : LR IR S A
o .: . . .: T 3 H %
hal

W\

SR

ATV AN

Vi 1l A
oo

GO/
I 7\

R

s

A

A
2

=X
AVZANR Y
=
)

i v
NAAYAVA A
VAN
v

<X
=
N
=X

W
0
i

A
7V

W

March 5, 2025 Olga Sorkine-Hornung, Ruben Wiersma # 44

ETH:zurich



MLS SDF - Possible Improvement

Point constraints vs. true normal constraints

S AVEN M T

4

Details: see [Shen et al. SIGGRAPH 2004] and Ex2

191

ETH:zurich



Global RBF vs. Local MLS

RBF:

sees the whole data set, can make for very smooth surfaces
global (dense) system to solve - expensive

MLS:

sees only a small part of the dataset, can get confused by
noise

local linear solves - cheap

191 ETH:irich



Extracting the Surface

Wish to compute a manifold mesh of the level set

F(x) =0
- surface

F(x) >0
- outside

|9L March 5, 2025 Olga Sorkine-Hornung, Ruben Wiersma # 47 HHZur’[Ch



Sample the SDF
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Sample the SDF

0000000000006
29922222990
0000005000006
0000460000906
0000006060006

9009000600100
0000 ¢0 006040
(LI T INEE=E L T L
0000065000000
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Tessellation

Want to approximate an implicit surface with a mesh

Can‘t explicitly compute all the roots
Sampling the level set is difficult (root finding)

Solution: find approximate roots by trapping the implicit surface
in a grid (lattice)
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Marching Squares

16 different configurations in 2D

4 equivalence classes (up to rotational and reflection symmetry +
complement)

SeEREEE
SEaEpE
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Tessellation in 2D

4 equivalence classes (up to rotational and reflection symmetry +
complement)

O 0] O O O O O
/ ?

O

191 ETH:irich



Tessellation in 2D

4N

Always pick consistently to avoid problems with the resulting mesh

Case 4 is ambiguious:

B N
i A\, N
N
] / /
V)
) p
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3D: Marching Cubes

[I11)

Layer k+1
e i

Layer k /

7
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Marching Cubes (Lorensen and Cline 1987)

191

Marching Cubes

Load 4 layers of the grid
into memory

Create a cube whose
vertices lie on the two
middle layers

Classify the vertices of
the cube according to the
implicit function (inside,
outside or on the surface)

Layer k+1

Layer k

ETH:zurich



[e]\

Marching Cubes

Compute case index. We have 28= 256 cases (0/1 for each
of the eight vertices) - can store as 8 bit (1 byte) index.

e7 1 Vi
egf 4 eéf /L e6/

Vyj e5 v : ) e5 l o

€1 : e «/
€yl ' €10 €9l J Vs + €10

Je4 Jez e.
V1;¥ < ?(vz v1% 4 r
index =|V1|Vva|Vv3|va] vs| ve| v7| vg] index ={0]o]1]ofo[o]0[1]=33

March 5, 2025 Olga Sorkine-Hornung, Ruben Wiersma # 56 mZurlch



Marching Cubes

— ——— e S

e — e —

» Unique cases (by rotation, reflection and complement)

iy, a1y SRt v
A0 e
- a9 4
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Tessellation

3D - Marching Cubes

Using the case index, retrieve the connectivity in the look-up table
Example: the entry for index 33 in the look-up table indicates that

the cut edges are e,; e,; es; €;; €, and ey ;

the output triangles are (e4; ey; €4) and (es; €4o; €)-

€
€5 g|/ﬁf
€9 \ €10
#64 /ndex =lo]o]1]o]o]olof1]=33
v ;

e

7

1
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Marching Cubes

—__—— —

6. Compute the position of the cut vertices by linear interpolation:
Vs =tvg + (1 —t)vy
F(Vb)

"= Fve) = Fv)

7. Move to the next cube
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Marching Cubes - Problems

Have to make consistent choices for neighboring cubes -
otherwise get holes
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Marching Cubes - Problems

Resolving ambiguities

Ambiguity No Ambiguity

|9L March 5, 2025 Olga Sorkine-Hornung, Ruben Wiersma # 61 HHZur’[Ch



arching Cubes - Problems

Grid not adaptive
Many polygons required to represent small features

Images from: “Dual Marching Cubes: Primal Contouring of Dual Grids”
by Schaeffer et al.
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Marching Cubes - Problems

March 5, 2025 Olga Sorkine-Hornung, Ruben Wiersma #63
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lite.exe skull.wrl

Marching Cubes - Problems

Problems with short triangle edges

When the surface intersects the cube close to a corner, the resulting tiny triangle
doesn‘t contribute much area to the mesh

When the intersection is close to an edge of the cube, we get skinny triangles (bad
aspect ratio)

Triangles with short edges waste resources but don‘t contribute to the
surface mesh representation

[e]\ ETH:irich



Grid Snapping

Solution: threshold the distances between the created vertices and the
cube corners

When the distance is smaller than d,,, we snap the vertex to the cube
corner

If more than one vertex of a triangle is snapped to the same point, we
discard that triangle altogether

|9L March 5, 2025 Olga Sorkine-Hornung, Ruben Wiersma 65 HHZur’[Ch



Grid Snapping

With grid snapping one can obtain significant reduction of space
consumption

Aynap 0o 01 02 03 04 046 0,495

Vertices 1446 1398 1254 1182 1074 830 830

Reduction (%) 0 3,3 13,3 183 257 42,6 42,6
ETHzurich
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Sharp Corners and Features

Kobbelt et al. SIGGRAPH 2001 ,,Feature sensitive surface
extraction from volume data“

191

Evaluate the normals (use gradient of F)
When they significantly differ, create an additional vertex

J

=

ETH:zurich



Poisson Surface Reconstruction

Very popular modern method, code available:
M. Kazhdan, M. Bolitho and H. Hoppe, Symposium on Geometry Processing
2006, follow-up in 2013, 2020...

http://www.cs.jhu.edu/~misha/Code/PoissonRecon/

Global fitting of an indicator function using a PDE
Robust to noise, sparse, computationally tractable

You will try out the code in Ex2 and compare with MLS results

[e]\ ETH:iirich


http://www.cs.jhu.edu/~misha/Code/PoissonRecon/

[e]\

Poisson Surface Reconstruction

Oriented points Indicator function

XM
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[e]\

Poisson Surface Reconstruction

Oriented points

We don’t know the indicator function ®

ETH:zurich
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Poisson Surface Reconstruction

0 g 0
Ste, 0 N
&N of 3,& 2 T N -
*~-> : J
- x r t & R ............... Q
- -
- . 005 o
b o a
e * ¢
3N I
Oriented points Indicator gradient
But we can estimate its gradient! © ‘
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Poisson Surface Reconstruction

0 4o 0
\3 P e \ g
\\N s 3‘& N M4
V& 0
..? Yy 0 «
- x r t& | S Q
- e 0
0O €
7 « a
o < <
$ N i
Oriented points Indicator function Indicator gradient
XM VXM
Reconstruct ¥ by solving the Poisson equation AX M = leVX M
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- 215M data points from 1000 scans
«  22M triangle reconstruction
- Compute time: 2.1 hours
(this was in year 2006)
* Peak memory: 6600 MB
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Thank You
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